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Let n be a ﬁxed odd integer with n > 1. In this paper, using a recent
result on the existence of primitive divisors of Lehmer numbers
give by Y. Bilu, G. Hanrot and P.M. Voutier, we prove that the
equation nx2 + 22m = yn has no positive integer solution (x, y,m)
with gcd(x, y) = 1.
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1. Introduction
Let Z, N be the sets of all integers and positive integers respectively. Let n be a ﬁxed odd integer
with n > 1. The solution (x, y,m) of the equation
nx2 + 22m = yn, x, y,m ∈ N, gcd(x, y) = 1 (1)
have been investigated in many papers. In 1978, S. Rabinowitz [7] proved that (1) has no solution
(x, y,m) for n = 3. Recently, F.S. Abu Muriefah [1] proved that if n = p, where p is an odd prime
with p ≡ 3 (mod 8), then (1) has no solution (x, y,m). In this paper, we completely solve Eq. (1) as
follows:
Theorem. For any odd integer n with n > 1, (1) has no solution (x, y,m).
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Lehmer numbers given by Y. Bilu, G. Hanrot and P.M. Voutier [2,8].
2. Preliminaries
Lemma 1. Let z be a real number. If z 4, then
z >
4
π
log(2ez). (2)
Proof. Let f (z) = z − 4π log(2ez). Then we have f ′(z) = 1 − 4/π z. Since f ′(z) > 0 for z > 2, f (z) is
an increasing function for z > 2. Further, since f (4) > 0, we get f (z) > 0 for z 4. It implies that (2)
holds for z 4. The lemma is proved. 
Let d be a positive square free integer, and let h(−4d) denote the class number of positive binary
quadratic forms of discriminant −4d.
Lemma 2. (See [4, Theorems 12.10.1 and 12.14.3].) For any d, we have h(−4d) < 4π
√
d log(2e
√
d ).
Lemma 3. If d > 1, then d > h(−4d).
Proof. Notice that h(−8) = 1, h(−12) = 1, h(−20) = 2, h(−24) = 2, h(−28) = 1, h(−40) = 2,
h(−44) = 2, h(−52) = 2, h(−56) = 4 and h(−60) = 2. The lemma is true if 1 < d  15. By Lemma 2,
if d h(−4d), then we have
d <
4
π
√
d log(2e
√
d ). (3)
But, by Lemma 1, (3) is false if d 16. Thus, the lemma is proved. 
Lemma 4. (See [3, Theorem 6.2].) Let k be an odd integer such that k > 1 and gcd(k,d) = 1. If d > 1 and the
equation
X2 + dY 2 = kZ , X, Y , Z ∈ Z, gcd(X, Y ) = 1, Z > 0 (4)
has solutions (X, Y , Z), then every solutions (X, Y , Z) of (4) can be expressed as
Z = Z1t, t ∈ N,
X + Y
√
−d = λ1(X1 + λ2Y1
√
−d )t, λ1, λ2 ∈ {±1},
where X1, Y1, Z1 are positive integers satisfying
X21 + dY 21 = kZ1 , gcd(X1, Y1) = 1, Z1 | h(−4d).
Lemma 5. (See [5].) The equation
X2 + 22m = Yn, X, Y ,m,n ∈ N, gcd(X, Y ) = 1, n > 2 (5)
has only the solution (X, Y ,m,n) = (11,5,1,3).
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Xm − Yn = 1, X, Y ,m,n ∈ N, min(X, Y ,m,n) > 1 (6)
has only the solution (X, Y ,m,n) = (3,2,2,3).
Let α,β be algebraic integers. If (α + β)2 and αβ are nonzero coprime integers and α/β is not a
root of unity, then (α,β) is called a Lehmer pair. Further, let a = (α + β)2 and c = αβ . Then we have
α = 1
2
(
√
a + λ√b ), β = 1
2
(
√
a − λ√b ), λ ∈ {±1},
where b = a− 4c. This pair (a,b) is called the parameter of the Lehmer pair (α,β). Two Lehmer pairs
(α1, β1) and (α2, β2) are called equivalent if α1/α2 = β1/β2 ∈ {±1,±
√−1 }. For a ﬁxed Lehmer pair
(α,β), one deﬁnes the corresponding sequence of Lehmer numbers by
Ls(α,β) =
⎧⎨
⎩
αs−βs
α−β , if s is old,
αs−βs
α2−β2 , if s is even,
s ∈ N. (7)
Then, Lehmer numbers are nonzero integers. Further, for equivalent Lehmer pairs (α1, β1) and
(α2, β2), we have Ls(α1, β1) = ±Ls(α2, β2) for any s. A prime p is called a primitive divisor of Ls(α,β)
if p | Ls(α,β) and p  abL1(α,β) · · · Ls−1(α,β). A Lehmer pair (α,β) such that Ls(α,β) has no primi-
tive divisor will be called s-defective Lehmer pair.
Lemma 7. (See [8].) Let s satisfy 6 < s  30 and s = 8,10,12. Then, up to equivalence, all parameters (a,b)
(a > 0) of s-defective Lehmer pairs are given as follows:
s = 7, (a,b) = (1,−7), (1,−19), (3,−5), (5,−7), (13,−3), (14,−22).
s = 9, (a,b) = (5,−3), (7,−1), (7,−5).
s = 13, (a,b) = (1,−7).
s = 14, (a,b) = (3,−13), (5,−3), (7,−1), (7,−5), (19,−1), (22,−14).
s = 15, (a,b) = (7,−1), (10,−2).
s = 18, (a,b) = (1,−7), (3,−5), (5,−7).
s = 24, (a,b) = (3,−5), (5,−3).
s = 26, (a,b) = (7,−1).
s = 30, (a,b) = (1,−7), (2,−10).
Lemma 8. (See [2].) If s > 30, then no Lehmer pair is s-defective.
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We ﬁrst consider the case that n is square free. By [7], the theorem holds for n = 3. We may
therefore assume that n > 3. Let (x, y,m) be a solution of (1). Since gcd(x, y) = 1, x and y are both
odd. We see from (1) that the equation
X2 + nY 2 = yZ , X, Y , Z ∈ Z, gcd(X, Y ) = 1, Z > 0 (8)
has solutions (X, Y , Z) = (2m, x,n). Therefore, by Lemma 4, we have
n = Z1t, t ∈ N, (9)
2m + x√−n = λ1(X1 + λ2Y1
√−n )t, λ1, λ2 ∈ {±1}, (10)
where X1, Y1, Z1 are positive integers satisfying
X21 + nY 21 = yZ1 , gcd(X1, Y1) = 1, (11)
Z1 | h(−4n), (12)
where h(−4n) is the class number of positive binary quadratic forms of discriminant −4n.
Since n is odd, by (9), t is also odd. Hence, we get from (10) that
2m = X1
∣∣∣∣∣
(t−1)/2∑
i=0
(
t
2i
)
Xt−2i−11
(−nY 21 )i
∣∣∣∣∣. (13)
Further, since y and n are odd, we see from (11) that one number of X1 and Y1 must be even, and
the other one is odd. It follows that the integer
(t−1)/2∑
i=0
(
t
2i
)
Xt−2i−11
(−nY 21 )i
is odd. Therefore, by (13), we get
X1 = 2m (14)
and
∣∣∣∣∣
(t−1)/2∑
i=0
(
t
2i
)
2m(t−2i−1)
(−nY 21 )i
∣∣∣∣∣= 1. (15)
Let
α = Y1
√−n + 2m, β = Y1
√−n − 2m. (16)
By (11), (14) and (16), we have
α + β = 2Y1
√−n, α − β = 2m+1, αβ = yZ1 . (17)
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coprime nonzero integers. Further, since y > 1 and α/β satisﬁes
yZ1
(
α
β
)2
− (22m − nY 21 )αβ + yZ1 = 0, (18)
where (y,22m − nY 21 ) = 1, α/β is not a root of unity. Therefore by (16), (α,β) is a Lehmer pair with
the parameter (−4nY 21 ,22m+2).
Let Ls(α,β) (s = 1,2, . . .) denote the Lehmer numbers deﬁned by (7). We get from (7), (15) and
(16) that
∣∣Lt(α,β)∣∣= 1. (19)
It implies that the Lehmer number Lt(α,β) has no primitive divisor. Therefore, by Lemma 8, we have
t  30. Further let α′ = −√−1α and β ′ = −√−1β . Then (α′, β ′) is a Lehmer pair with the parameter
(4nY 21 ,−22m+2). Since α′/α = β ′/β = −
√−1, the Lehmer pairs (α,β) and (α′, β ′) are equivalent.
Thus, since t is odd, by Lemma 7, we get t ∈ {1,3,5}.
If t = 5, then from (15) we obtain
24m − 22m+15nY 21 + 5n2Y 41 = ±1. (20)
But, since 24m − 22m+15nY 21 + 5n2Y 41 ≡ 5 ≡ ±1 (mod 8), (20) is impossible.
If t = 3, then we have
22m − 3nY 21 = ±1. (21)
Since (−1/3) = −1, where (−1/3) is the Legendre symbol, we get from (21) that
22m − 3nY 21 = 1. (22)
Further, the combination of (11), (14) and (22) yields
22m+1 − 1 = 3yZ1 . (23)
Since (2m+1 + 1,2m+1 − 1) = 1, by (23), we obtain
y = ab, 2m+1 + 1 =
{
aZ1 ,
3bZ1 ,
2m+1 − 1 =
{
3bZ1 ,
aZ1 ,
a,b ∈ N, (24)
where we get
2m+1 ± 1 = aZ1 . (25)
Notice that n and Z1 are odd by (9). Apply Lemma 6 to (25), we get Z1 = 1. It follows that n = Z1t =
t = 3, which contradicts the assumption that n > 3.
If t = 1, then from (9) we get Z1 = n. Further, by (12), we obtain n h(−4n). But, since n is square
free, by Lemma 3, it is impossible. To sum up, the theorem holds if n is square free.
We next consider the case that n is a general odd integer with n > 1. Then we have
n = dl2, d, l ∈ N, d is square free, d and l are odd. (26)
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dX2 + 22m = Yd, X, Y ,m ∈ N, gcd(X, Y ) = 1 (27)
has the solution (X, Y ,m) = (lx, yl2 ,m). By the above analysis, (27) is impossible for d > 1. When
d = 1, since n > 1, we see from (26) that l > 1 and l2  9. By (26) and (27), we get
(lx)2 + 22m = Y l2 , gcd(lx, y) = 1, l2  9. (28)
But, by Lemma 5, (28) is impossible. Thus, the theorem is proved.
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